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Abstract

This is an overview of the geometric perspective on gauge theories, its origins,
and possible uses in formulating a novel approach to quantum gravity. This
geometry is first explored in the case of Abelian field theories, specifically elec-
tromagnetism. Then, it is extended to non-Abelian gauge theories, such as that
of the gluon field. The modern framework of this approach as it can be applied
in quantum gravity is given, with inspiration drawn from general relativity. [3]
Finally, possible interpretations of the full extent of this approach is looked at
with the foundation being set for further work. This alternative approach may
reveal new insights on the quantum structure of spacetime and the hidden ge-
ometry in quantum field theories. The ideas presented here may extend upon
already existing approaches, especially LQG. [3] Note that this will focus on
physical interpretations and underlying meaning of the mathematical objects.
Also, each topic covered will only be briefly reviewed, unless it is relevant. It’s
assumed that one has a background in GR and QFT to at minimum a basic
level.

1 Introduction

The only explicitly fundamental geometric theory is that of gravity in general
relativity. In quantum field theory, usually the particles are represented as just
operators simply on Minkowski space. Of course, this is very accurate for the
electromagnetic, strong, and weak interaction forces. In fact, electrodynamics
(the quantum field theory of the electromagnetic force), and quantum chromo-
dynamics, (the quantum field theory of the strong force) are some of the best
tested and most complete theories ever. However, it is possible to make a the-
ory of the electromagnetic and, particularly, the strong force through geometric
means, such as what is done for gravity in general relativity. This may provide
further insights and give possible interpretations where one can reconcile the



quantum field theories of these forces with more geometrical theories, such as
the ones provided here.

2 Background

To explicitly formulate the theory in terms of geometric operations, the ap-
propriate background material already exists in the physically manifest geo-
metric theory of general relativity. Define the 4 manifold of spacetime, M,
intrinsically with local coordinates at any given point x on this manifold by
x = (t,z,y,z) . (Will assume topological triviality for now with each point
being locally diffeomorphic to Euclidean space) . There will be defined a vec-
tor space, V at each point on the manifold with basis vectors e,, and so one
can then define a vector field V(z) = V(t,x,y,2) at each point of the man-
ifold. With each vector space, one can define a corresponding dual space of
1-forms with basis w* with the relation between them given by e,w’ = o} .
These should be thought of as functions with vectors taking one forms to scalars
V =Vte, = Ve, (Bw,) = V(B) , and one forms can be thought of as func-
tions taking vectors to scalars by B = B,w” = B(V).[1] Note, B(V) = V(B).
With this viewpoint, one can define the tensor product as e, ® w' = e, w"

By convention, the one-forms are put on the left and the basis vectors on
the right. One can also form arbitrary tensor spaces of rank pr where p is
the number of covariant indices(number of one forms) and r is the number of
contravariant indices(number of basis vectors) in the tensor product. Each ten-
sor can be viewed as a multi linear function on the spacetime. For example,
one usually defines an metric with basis one forms w, as that of g = gy,w"w"
, where g,, are the components of the metric and the basis of this metric is
defined as wyw, = wy ® w, , making the metic just a 2-form. This should
be viewed as an multi linear operation taking two vectors as input and out-
putting a scalar like g,,dz"dx? = gupdz™(V)dz¥ (W) where V and W are vec-
tors. Then, there is a natural one to one correspondence such that for each vector
V one gets a one-form w given by w = gy,dz¥dz’ (V) = gypda¥dz? (V(dy)) =
JupV¥dx(dz?(dy)) = guoV¥dz"ol = gu,VVdz" = V,dx*. Then, one can
define also any given tensor field of arbitrary dimension at each point in space-
time with the standard definition or extension from that of vector fields with
all its mathematical properties. Finally, to compare vectors at nearby vector
spaces, one needs a way of moving a vector through the spacetime, which can be
done with the covariant derivative, V. This leads to the connection coefficients
I' = I'(x) defined with respect to basis vectors VA,e, = 9ye,+I'7, e, . The most
common metric is the Levi-Cita connection in general relativity, but any connec-
tion can be defined depending on the physical restraints of the system as long as
the standard properties of differential operators are held. Then, the given metric
along with the differential structures on the manifold defined by the connection
V can be used to define the curvature, R" yup = ([Vu, Vo] = Viue]) (ep) (w™), tor-
sion, Ty = Vyey — Vypey — [, €], and other 7isometrical” (quantities defined
with a metric) structures on the manifold. However, let us postpone that and



not explicitly define the metric yet, using only structures up to the differential
level of complexity.

3 Electromagnetism in terms of Differential forms
in Minkowski Space

Then, in electromagnetism, the basic equations are just Maxwell’s equations
defined in 3-D space with time as an independent variable. However, they can be
expressed covariantly with the electric potential and the electromagnetic tensor,
F,, = 0,4, — 0y A, where A = A%w, = A(z) is the potential, a scalar field over
all spacetime, which is just Minkowski spacetime in this case. A defines B and
E by E=V:A,B=V x A. Going through this derivation is constructive.|2]
Maxwell’s equations are, in traditional vector calculus form, with the usual
definitions of the electric and magnetic fields in 3 dimensions, E and B, VE =
p,VB =0,V xB=J+ %—’f,v X B = —%—f. Then, Maxwell’s equations are
OuFyn = Jy, and then d[,F,,] = 0 However, another way of expressing them
is in terms of exterior calculus. This is where we can define the wedge product
w* A w' = w'w? — w’w" , which is the antisymmetric tensor product of two
basis one forms, and the Hodge star of a tensor, x(A;;) = €3, A4;; = Agi, where
the tensor in this case is of rank 2. Generally, the Hodge star operator takes
a tensor of rank n and outputs one with a rank of 4-n, or d-n in the general
d-dimensional case. Then, xdz, = dz¥ Adz® Adz', u # v, a,l , for example then
with similar results for the other cases. In general, in 4 dimensional spacetime,
this will just be the contraction of any given tensor with the 4 dimensional
Levi-Cita tensor. One can also define the gradient, or exterior derivative, as
an operation d which takes a tensor, of n covariant entries, and creates one
with n+1 covariant entries. For example, for a scalar f = f(z) , it results in
merely the gradient df = fodz®, fo = 0a(f), (, is a convenient notation). For
a one form, p = p,dz*,0p = (pu) ;dz"dz?, a 2-form. Note that for any given
p form, given R,dR = (R,) wdz®dz® Then , d*(R) = ddR = ((Ra) u),0dz® A
dz™ A dz? . By commutativity of any partial derivatives, the component is
symmetric but the wedge product is anti-symmetric, so it vanishes meaning
((Ra) w),0dz® Adz" Adz® = (-1)((Ra),0) udx® Adz* Adz® = 0 . Now any
tensor can be expressed in terms of a symmetric part and some anti-symmetric
part T =T, + T, = AB = ([A, B] + {A, B}) , with the standard definitions
of the commutator and the anti-commutator. However, looking at the curl,
one can write V x A = €7,9;(A;)w! with the time component being 0 and
then 3 spatial dimensions. This operation is antisymmetric in i and j, so only
the anti symmetric part is needed of the corresponding two form, which is
expressed pjidr! = ((A;): — (Ai) )dx' + [ep](A, ijl) , where [cp](A,ijl) are the
cyclic permutations of A with respect to labels ijl. Then p;; = (4;) ; — (4;),
Then,the magnetic field is actually a 2-form with the corresponding components,
and can be represented with B(V,W) = B;;dz'dz! = {B;;dx’ Nda? | since it is
completely anti- symmetric. The electric field is a one form, as it is the exterior
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derivative, or gradient in this case, of a scalar. Then, F = dA = 0,(A)dz"
For convenience, dt,dx,dy,dz = dx;.Now, wanting to represent both E and B
in spacetime and both together, we can define the two form or rank 2 tensor
F =FENdt+B = Aydz® Ndt+ B = (A odz® Ndt + B;oda’ Adz®). Then, also
defining the current and charge as an one-form instead of a vector, pdt+ J;dx* =
Judx® . Maxwell’s two equations can be put in the form of differential, exterior
calculus , d(E A dt) = d(dAANdt) =0,dB =0 = dF =0 . Now, one can get
rest of the Maxwell equations, or more specifically the second pair, by taking
the Hodge star of F' using

1 D .
*F = %E A (dt) + *B = (Eydz® AN dt + §Bijda:”dx7) = (Exejo + Bij)da® A dzx”

iFjFRF O
Then,
*F(E A dt) = %(Eyda' + E,d2® + E,dz®) A dt = (E,dx*A
dz® + Eydz® A da' + E,da' A do?) A da®
= *B = (B.d2' A da® + Byda® Ada' + Bydx* A dz®) =
(B.dx® A dt + Bydt A dz® + Bydt A dz*) A dz®
Then,

d« F=d* ENdt +d* B = E, ,d2® Nda® + E,

dz® A dzt + E.

dz' A dx? + (B,) adx® A dt+

(By).od(z®) ANdt + (B.) odt Adz x J

= pdx* A dx® A da® + jpda® Ada® Adt + jyda® AdtAdat + §.dt A dat A da?

Of course, each of the wedge products is a basis element, so then setting
separate basis elements with their components equal to each other, one get the
remaining Maxwell’s equations in the form d x F' = xJ. These are Maxwell’s
equations in the form of differential, exterior calculus.

4 Yang-Mills fields in Minkowski space

A given Yang-Mills field are just the generalization of the electromagnetic tensor
and field: in fact, a Yang Mills field reduces to the electromagnetic tensor in
the case that the generators of the field commute. Generalizing, considering the
electromagnetic tensor which was expressed in terms of geometric quantities,
or as a tensor field defined over the spacetime manifold. Another viewpoint of
looking at the same thing is the case where one can consider the Lagrangian
density, which is defined over the spacetime as thenL = %(FMFM + JA) with



the usual current and vector potential definitions. The equations of motion,
Maxwell’s equations in whatever form, come from the stationary points of this
action, dS = d*zL(x). Varying it is similar to varying it individually at each
point in spacetime as it is true for any volume that it is integrated over. Now the
point of this is to look at the nature of F', more specifically A,and consider the
case of non-Abelian fields A,, ,such that [A,, A,] = 0, like an quantum mechan-
ical operator field. Then, F ,generalizing, is in component form with respect to
some local basis is then F,, = 0,4, — 0, Ay + [Au, Ay]. [2] Of course, for A to
not commute there has to be multiple of them, which are called the generators
of the corresponding transformation on spacetime that leaves the Lagrangian
invariant. The relationship can be defined as [A;, A;] = filel where the f;;; are
called the fine-structure constants. Denoting each of these generators by some
index, one can write Fiu, = 0,A' — 9,(A)!, + f';;, A" where 1, f is an internal
index which has nothing to do with the spacetime,but rather the number of
generators of the particular corresponding transformation. For the electromag-
netic transformation, of course, the last term trivially disappears, as it has only
one generator (A). These relate with symmetries of the Lagrangian, meaning
that they are algebraic symmetries rather than local symmetries defined on the
spacetime itself.

Now, if one defines an abstract vector space and then a vector field where
the transformation can take place, it would be viewed as a geometric symmetry
like that in general relativity of diffeomorphsim invariance of the metric being
unchanged under local Lorentz transformations. This leads to the concepts of
fiber bundles and principal bundles, and how to generalize what is going on
geometrically. A fiber bundle is defined by the following structure:(E, M, o)
where E is a manifold of some dimension, M is another manifold, and ¢ =
o(E) = M is a map from the manifold E to the manifold M. Then, the fiber
part of this bundle is the space E(p) = o(E(r) = p)), where p is a point on M
and r is a point on E. It is the projection of E(r) onto M at a given point p and
so is called the fiber over p. So this usually would correspond to say the tangent
space at a given point in spacetime if E is the set of all tangent spaces and M
is the spacetime manifold in general relativity. The set of all such E(p) for all
points p on E is called a bundle of fibers, meaning just E itself. The point of this
is it allows one to define multiple bundles or sets of different vector spaces on
the spacetime. This allows for the definition of several possible transformations
on the spacetime, not just the Lorentz transformations. Then, exactly the
way it is done in general relativity, one can associate a connection and therefore
separate curvature with each fiber bundle. Then, for example, the standard fiber
bundle the tangent bundle TM, with the corresponding connection, the Levi-
Cita connection which acts on a locally defined basis vector at a point on the
manifold by, V,(e,) = Fm,ﬁeg , with properties that T, = V,(e,) — Vy(eyw) —
[ew,€r] =01], Ve(guw) = 0. It is the unique connection that is torsion free and
leaves the metric invariant. Now, of course one can define other connections that
do not have these properties, but this connection is the one which yields the best
results in general relativity. Note that bundles associate with forces are called
principal bundles and those associated with the matter fields on the spacetime



that travel on the manifold are called vector bundles (obvious definition) Then,
let’s describe the other possible fibers that have corresponding connections and
curvatures. One can look at the electromagnetic tensor Fy, = 0,4, — 0,A,
and see that it has the structure that is similar to the Riemann tensor and its
expression written in terms of connection coefficients Rypuy = Oul'nvp— 0ol upn+
Fnuqrqvp - anqrqup

The last two terms vanish in this case, meaning a coordinate basis is be-
ing used to describe the local space. To associate the given electromagnetic
field with a fiber bundle, PM, such that one can associate the transformation
associated with the given electromagnetic field as acting in this space of the
bundle. There are correspondingv = v“e,, vectors and the rest of the structure,
as there is for the tangent bundle, on this bundle. Now in quantum field the-
ory, recall that if a particle moves according to the standard derivative with
no external forces acting on it, then it moves according to the action of the
covariant derivative D, = 0, — i A , where A is the associated boson field,
interacting with it. Then, realizing that this covariant derivative has the same
structure as that of the covariant derivative of vectors being transported in
curved spacetime, one can say that this is the covariant derivative associated
with the fiber bundle of the space related to the electromagnetic field, and the
A, the 4-vector potential in this case, is the corresponding connection coefficient.
Then, one can define the curvature tensor, similar to the Riemann tensor, as
Xuw = DA, — D, A, , similar in structure to the electromagnetic tensor since
Xup = (04 — 10A)(A,) — (0, — i0A)A,, = Fy,. The fiber bundle in this case
is called the principal bundle associated with the corresponding transformation
generated by the corresponding gauge boson. Now,one can associate principal
bundles corresponding to all the possible gauge boson forces or interactions with
corresponding matter fields like that is done in quantum field theory. For a Yang
Mills theory, the associated principal bundle would have the covariant deriva-
tive D,, = 0, — i0* A, where the A corresponds to the possible generators of
the transformation associated with the gauge boson. The associated curvature
tensor is then X, = D, A, — D, A, — [Ay, Ay]. Tt is then possible to associate
multiple gauge boson fields with corresponding fiber bundles on the spacetime
simultaneously. The interesting aspect is the dimensionality of these manifolds
and their corresponding geometric interpretations. There is a connection D,, ,
and therefore curvature Fy, ; associated with each boson and its transformation,
but only tangent bundles seem to have geometrical properties that are physically
manifest. The other bosons have geometrical properties which are associated
with the internal symmetry space of the corresponding fiber bundle. In fact, one
think of these bundles as implying, or mathematically inducing, a correspond-
ing manifold exactly similar to that of spacetime in general relativity. These
are like ”images” or copies of the spacetime manifold with the corresponding
curvatures and connections defined and interpreted exactly analogous to that
of the geometrical interpretations in general relativity. However, let’s look at
this from a different perspective since these image manifolds are not physical
apparently. The usual approach is to leave the base manifold, say M, as it is,
defined to be the spacetime of GR. The overall dimension of a structure with



the usual tangent bundle of GR and connection, with the metric that describes
gravity, and say one other principal bundle that describes a given interaction of
the matter field with the corresponding gauge boson. The total dimension of the
structure is then Dy = Dy; + Dg = 4+ d where d is the dimension of the gauge
group. Then, one can either add some of the dimensions of the interactions of
the space described by the fiber bundle (principal bundle) to that described by
the tangent bundle. The total dimensionality of the structure does not change
to maintain the structure of theory, but it is just a question of what should
be included physically. There are of course different approaches to this which
result in different models or theories of quantum gravity. This will be explored
further at a later time, but would just like to point out one possible approach
that is seemingly novel.

5 Speculative theory for unification of Quantum
fields and Gravity

However, I propose an alternate theory that may make more physical sense and
follow the logic of quantum field theory while also including the symmetries of
general relativity. Take the manifold in GR that exists with a global matter or
fermion field on it by description of its corresponding vector bundle. Suppose
there is no internal vector space for each fiber bundle of the two gauge forces and
matter field, but rather there is only one vector space L that takes different in-
terpretations or acts differently depending on what part of the manifold it is on.
Now, imagine the manifold itself can be described not just by each connection
distinctly, but rather a linear superposition of possible connections > = x,n" .
This means the connection can take on different forms depending on the part of
the manifold it is on, or more properly, the part of the matter or fermion field
it interacts with. We know that from quantum field theory and the standard
model that bosons are force carriers and fermions are the matter fields which
interact with these force carries and get ”acted on”, meaning some of their prop-
erties change in some way. However, it is known that broadly speaking there are
fundamentally two types of fermions, leptons and quarks. The main difference
between them is that the strong force acts on the quarks, while it does not for
the rest of the fermions meaning the leptons. It is experimentally known that
the number of quarks in the universe, roughly identified as the Baryon number,
is much more than the number of leptons in the universe. These are conserved in
any given interaction, or at least those described by the Standard Model. How-
ever, lets take this viewpoint that the only observed difference between leptons
and quarks comes in the fact that quarks are observed to have a quantity called
color charge associated with them. Leptons do not. This means we will leave
the quantity difference of a type of property alone for now, such as the frac-
tional difference in electric charge between quarks and leptons. However, this
property comes only because of their interaction with the strong nuclear force,
which is described by the gluon field with 8 corresponding gauge bosons called



gluons represented by the generators of the SU(3) transformation- this is an
algebraic symmetry. However, one needs to realize that particles or the proper-
ties that define them only come out of the invariance of these properties in their
equations of motion to certain gauge transformations. Hypothetically, if these
gauge interactions did not exist, then there would be no way to tell particles
apart from one another, meaning they will be indistinguishable. Looked at in
this manner, all the properties that particles have, such as mass, charge, color,
and most of the rest come from these transformations which are the interaction
of the fermions with these different sets of bosons. Spin is the only seemingly
intrinsic or definite quantity. However, take the perspective that spacetime con-
sists of a superposition of connections, meaning that curvature many not be
describable with just a single connection, but rather a quantum superposition
of possible ones. In fact, it may suffice to consider it a linear superposition. If
the fermion field is interacting with the field of gauge bosons at a point where
the connection corresponding to the strong force is greater, meaning it has a
larger component in the overall state vector of the system, then the definition
of the fermion associated with that excitation at that point in spacetime will
have primarily the property of the strong force, meaning a quark. If there is no
such excitation there but rather at another point, it will have the excitation as
that of a lepton.

Also, one can say that a strong interaction is just the electromagnetic in-
teraction looked at from a non-coordinate basis. This initially seems like a
contradictory statement as not even the dimension of the transformations are
the same, but say that there is such a transformation, though it will be nonphys-
ical, meaning the associated reference ”observer” is moving faster than that of
light. This means that a point on the lightcone inside is transformed to a point
outside the light cone, as usually defined. Then, however, there will be a so
called ”critical point” or more accurately a hypersurface where the interaction
of the fermion with the boson field becomes quantified. This means that the
gravitational part of the connection no longer dominates compared to the rest
of the parts of the connection. However,then, this can also have to do with the
length scale or that of the mass proportional to the ”size of the excitation of the
fermion field”, so this will also provide a viewpoint to explore the scale question.
This idea draws upon the same foundations and motivations as the work done
in modeling of leptons and quarks. [5]

Looking at the overall structure, there exists only a base manifold with two
fiber bundles defined on it, one principal bundle and one vector bundle. Since
these describe and can take the form of different gauge forces and different
matter fields, it means that these are the only two truly separate bundles. How
does or can that be described simultaneously? Spacetime or many manifold with
reasonable properties can be intrinsically defined fully by geometrical properties.
Primary examples are curvature and torsion, and since curvature is already
associated with the boson field one can naturally associate the fermion field
with torsion. This can also make sense physically, as the deviation by how
much a particle or more accurately a vector field, or even more accurately,
space itself, twists as it moves in a circle results in an so called excitation that



can be described by torsion. This effect is not really seen in GR because of the
fact that spin does not really play a role because of the scale of the particles
involved, and so a torsion free theory is accurate, as it is for GR. This is of
course not the only possibility, and the aspect of spin for bosons and fermions
needs to be included explicitly. Perhaps a vector than has a dual aspect, such
as that of a spinor describing two states simultaneously. It has the properties
of describing both the fermions, but then acts as an curvature measure too for
gauges. This may even generalize to other areas. [4] Of course, there are many
similar quantum gravity models already out there, such as twistor theory, loop
quantum gravity, and others which incorporate some of these aspects. These
connections will be explored and the mathematical formulation of this theory
will be proposed explicitly in a future work.

References

1. Misner, Thorne, and Wheeler, ” Gravitation”, Princeton University Press,
2017.

2. Baez and Muniain, ”Gauge Fields, Knots, and Gravity”, 4th ed., World
Scientific, Singapore, 1994.

3. Rovelli and Smolin, "Knot Theory and Quantum Gravity”, Physical Re-
view Letters, 1988.

4. Fields, Glazebrook, and Marciano, ”The Physical Meaning of the Holo-
graphic principal”, Quanta, 2022/11/21.

5. Ahn, Kang, and Lee, ” Towards a Model of Quarks and Leptons”, arXiv:2112.13392,
2021/12/26.



	Introduction
	Background
	Electromagnetism in terms of Differential forms in Minkowski Space 
	Yang-Mills fields in Minkowski space
	Speculative theory for unification of Quantum fields and Gravity

